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Abstract 

The aim of this article is to illustrate, on the Dwork hypersurfaces x" +■ • n7/)a;i . . .Xn = 

(with n an integer > 3 and ip £ ¥* a. parameter satisfying -!/>" 7^ 1), how the study of the 
representation of a finite group of automorphisms of a hypersurface in its etale cohomology 
allows to factor its zeta function. 



1 Introduction 

Let n be an integer > 3 and a finite field of characteristic p 7^ 2 not dividing n; to simplify tlie 
results, we will assume that q = 1 mod n. We consider the projective hypersurface C P"^"^ 
given by 

x" + ■ ■ ■ + x^^ — ntpxi . . .Xn = 0, 
where '0 is a non zero parameter belonging to Fg. The zeta function of is defined as 

/+00 

^x„/F,W=exp^#X^(F,0- 

We assume that t/;" 1, so that = X^(g)F,Fg is nonsingular. As X.^ is a non-singular hypersurface 
of P"~^, we know that the dimension of the etale ^-adic cohomology spaces Hl^_{X^, Q^) is zero for 
z>2n — 4ori<0 and that, for < i < 2n — 4, 

dimg^,(X^,Q,)^|^^^(„_,)„^(_,,.(„_,, !f-in-2; 

where (5i = if « is odd and Si — 1 \i i \s even (see W2.2\ . As we will recall in Remark 12.31 page [3l 
the zeta function of X^ is related to how the Frobenius acts on i/"j~^(X^, Qf). 
We set 

A = {(Ci, . . . , CO e A*„(F,)" ICi . . . Cn = 1}/{(C, • ■ • , C)}; 

A = {(ai, . . . , a„) e (Z/nZ)" | ai + • • • + a„ = 0}/{(a, . . . , a)}, 

and denote by [Ci, ■ . ■ , Cn] the class of (Ci, . . . , Cn) in ^ ^^nd [ai, . . . , a„] that of (ai, . . . , a„) in A. 
We will identify the group A with the group of characters of A taking values in F* . The group A 
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acts on by coordinatewise multiplication; the symmetric group (3„ acts on the right on by 
permutation of the coordinates 



and on the left on A and A by 



[Xi 



Fa(l) 



r{n)], 



, Cn] = [Ca-i(l), ■ ■ • 7 Ccr-i(n)]; 

, an] = [aCT-i(i), • • ■ , a(T-i(n)]- 



The semidirect product G — A yi 6„ acts on the right on X^, and hence on the left on 
Qe) as the functor g g* is contravariant. 

The aim of this article is to describe the structure of H^^^'^{X^,Qe) as a [GJ-module in order 
to deduce a factorization of the zeta function of X^. More precisely, we will show that the primitive 
part of H"^^'^{X^,Qi) (as defined in ^2.2^ admits an isotypic decomposition 



where a describes (6„ x (Z/nZ)^)\74, u belongs to a certain set of roots of unity (see Corol- 
lary [^311 page HH) , Wa.u is a simple Q[G]-module which is independent oil, Da is the division ring 
EndQ[G](Wa,a;)°PP, and Va^^j is a free module over Da^oQ^ whose rank is independent of i. Because 
the Frobenius stabilizes these isotypic spaces, its characteristic po lynomial splits in a s many factors 



(the idea to use this method is inspired by an argument given in Hiilek et alJ . 120061 . §6.2]) 



The first step is to decompose the Q^[G]-module H"^^''{X^,Ql)■, we follow the same method 
Briinjes used for the case tp — (Fermat hypersurface) , but, thanks to a more powerful trace 
formula, we avoid the tedious induction of [Briiniesl 2004 Proposition 11.5]. Our methods can be 
generali zed to other familie s of hypersurfaces, allow us to obtain factorizations slightly finer than 
those of Kloosterman 2007| (who uses the p-adic Monsky-Washnitzer cohomology) , and also allow 
us to express each factor as the norm of a polynomial with coefhcients in a certain finite extension 
of Q, hence explaining a numerical observation of C andelas, de la Ossa an d Rodriguez- Villegas in 
the case n = 5 where this extension is Q(\ /5) (s ee Candelas et al.l l2003l Table 12.1 page 1330). 
Let us also mention that, in a recent article, Katd 2009j studies the action of A (but not of A x 6„) 
on the cohomology of X^ and establishes a motivic link between X^ and objects of hypergeometric 
type. _ 

The article is organized as follows. After preliminaries (S|2|), we describe the structure of i?"t~^(X^, 
Qi) as a Q£[yl]-module (Q and then as a Q^[G]-module (§4]). We then deduce the structure of the 
Q£[G]-module Hj^^~'^{X^,Qi) {^E^ and explain the link between this structure and the existence of 
a factorisation of the zeta function of X^ O. An index of all notations introduced in the article 
is given in and a table of the main formulas appears in |BJ 



2 Preliminaries 

We begin by recalling a Lefschetz-type trace formula by Deligne and Lusztig which allows to express 
the alternating sum of the traces of an automorphism on the £-adic cohomology spaces as the Euler- 
Poincare characteristic of the fixed-point scheme of this automorphism. We then recall the value of 
this Euler-Poincare characteristic in the cases we will encounter in what follows (smooth projective 
hypersurfaces). Finally, we link the trace of an element of G to the Euler-Poincare characteristic 
of a subscheme of fixed points. 

^They make this observation only in the case 1/1 = 0, but their numerical data in §13.3 suggests the same 
phenomenon happens when V 7^ ^iid 9 = 1 mod 5. 
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2.1 Lefschetz trace formula 

Let us recall that the Euler-Poincare characteristic of a proper scheme over Fp is given by 

2 dim X 



1=0 

where £ is a prime number ^ p. It is an integer independent of £. 

Theorem 2.1. Let X be a proper scheme over Fp. // / is an automorphism of X of finite order 
prime to p, and if X^ denotes the fixed-point subscheme of f of the scheme X, then 

2dimX 

^ {-iytiif*\Hl,{X,Qe))=x{Xi')- 

i=0 

Proof. See [Peligne and Luszti3 . 19761 Theorem 3.2, page 119]. □ 



2.2 Euler— Poincare characteristic of a non-singular hypersurface 

In this H2.2\ exceptionally, we do not assume that n > 3. 

Theorem 2.2 (Hirzebruch formula). Let n be an integer > 1 and f € Fp[a:i, . . . , x„] a homogeneous 
polynomial of degree d such that f , ■ ■ ■ , have no common zero in except (0, . . . , 0). 

Then the hypersurface X C P"^^ defined by f = is non-singular (and irreducible if n > 3) and 
its Euler-Poincare characteristic is 



Proof. If n > 3, we use Corollary 7.5. {Hi) of [SGASl . expose VII]: indeed, the subscheme X of 



T>n—1 



is smooth, connected and of dimension n — 2; its Euler-Poincare characteristic is hence 

n-2 , ^ K-2 , s 

x{x) = (-i)"-*r = - ^ (-i)"-r 

j=0 1=0 ' 

_{\ - dY + nd-\ 
~ ~d ' 

which is the announced formula. If n — 2, the hypersurface X of P^^ consists of d distinct points 
and so x{X) = d, which shows the result as (2 — 1) + ^[(1 — d)^ + (d — 1)] = d. Finally, if n = 1, 
X ~ and so x(X) = 0, which also shows the result in this case. □ 

Remark 2.3. When n > 3, Theorem 12. 21 can be refined as follows. We keep the same notations and 
denote by j the canonical injection X P^~^- By the Weak Lefschetz Theorem, (see for example 
iFreitag and Kiehll . I1988L Corollary 9.4, page 106]), for i < n — 2 (respectively i = n — 2), the linear 



map j* : L[l^.{F^^ -.Qi) ^ Hl^{X,Qi) is bijective (respectively injective). If we set Si = if i odd 
and (5i = 1 if z is even, we thus have dimi/*j(X, Q{) = Si for z < n — 2, and this result stays valid 
for n — 2 < i < 2(n — 2) by Poincare duahty. For i — n — 2, the image of the map j* : -ff"t~^(P^^^, 

Qe) -> H^^^^{X,Qe) has dimension S^. We will denote it by H^^^^ {X , Qey^P""" and set i?"r^(^> 
Q^)?'™ H'J-^{X_J}e)/H^^-^{X,Qiy''P'''^. Because the Frobenius acts as the multiplication by 
g("-2)/2 on iJ^t"2(X^,Qf)'"P"" and by multiplication by q' on each H^i{X^,Qe), we have 



^ det(l - tFToh*\H:\-^{x^,Qer"-^y-'r- 

^^/^'^ ^ (1 - 0(1 - gi) ... (1 - q''-H) 
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2.3 Character of G acting on H'^^^X^, 0^)^""" 

The isomorphism class of a Q^[G'] -module is completely determined by its character. In this §2.31 
we will express in terms of Euler-Poincare characteristics the values of the character of the Q£[G]- 
module H^^~'^{X^, Qf )^"™ for the elements g £ G which are of order prime to p. 

Lemma 2.4. Each g e G acts as the identity on H^^^^{X^,Q()™p"'^ and on Hi^{X^,Qe) when 
i^n-2. 

Proof. As g is the restriction of an automorphism of P^^^, it results from Remark 12.31 and the 
following lemma. □ 

Lemma 2.5. If h is an automorphism of Fj^^ , then h* acts as the identity on H^^(P^''^^ jQg) for 
all i. 

Proof The group PGi„(F,) acts on the right on i/^t(P^^'"\ Q^) by u t-^ u*; as H'^^{P^^'^\Qi) is of 

dimension or 1, this action is by homothety, and thus factors by an abelian quotient of PGL„(Fq). 
Since ¥q is algebraically closed, PGL„(¥q) is equal to its commutator subgroup and thus has no 
nonzero abelian quotient. Hence, for all u G PGL^^{¥q), u* = Id. □ 

Theorem 2.6. If g £ G is of order prime to p, then 

ir[g*\H--\X^Mirn = - 1) - xiXp))- (2-1) 

Proof. Using the trace formula of Theorem 12.11 we can write 

2dimX 

{-irir{g*\Hl,(X^Mi)) = x{X'^)- 

i=0 

By Lemma 12.41 we have (with, as previously, (5^ = if i is odd and (5, = 1 if i is even) 



tT{g*\H:,iX^,Qi)) = 

and thus 



Si ii i ^ n — 2, 

5, + tr(5*|i/^t(r^, Q,)P™") if i = n - 2, 



X(X;) = (n- 1) + (-l)"-2tr(.g*|iJr'(^^,Q^r'"), 
which is exactly the announced formula. □ 



3 Action of A on H2t^{X^, Q^)p"™ 

The irreducible representations over of the finite abelian group A are its characters (of degree 1). 
Finding the structure of the Q£[^]-module i?"t~^(X^, Q^) hence amounts to figuring out the mul- 
tiplicity of each character of A in the representation g ^ g* oi A in 77"^~^(X^, Q^); it is the aim 
of this Sj3l The choice, in §3.11 of an isomorphism between /x„(Fg) and /^^(Q^) allows to identify 
A to the group of characters of A taking values in Q^. After determining the character of the 
Q^[A]-module H^^^'^ (X ^ MiT''"" in we will prove in g^J that the multiphcity of a G i is 

nia = #(Z/nZ\ {ai, . . . ,a„}). 

3.1 Characters of A with values in 

As we only consider the case q = 1 mod n, the group /x„(Fq) consisting of the n**^ roots of unity of 
¥q is isomorphic to the group of n"^ roots of unity of Q^. We call t an isomorphism of /x„(Fg) onto 
IJ,^{Qg) and use it to identify the group A with the group of characters of A taking values in 
thanks to the isomorphism [ai, . . . , a„] i— > ([Ci, . . . , Cn] ^(Ci)"^ ' ' ' ^(Cn)"")- 
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3.2 Character values of the Q^[A]-module H'^^\X^, Q^)p"'" 

As p is prime to n by assumption, the elements of A have an order prime to p; we may thus use 
Formula (|2?T|) to obtain the values taken by the characters of the [A] -module Q^)p"™. 

Theorem 3.1. Consider (^i, . . . , G /x„(Fq)" such that . . . (^jj = 1 and let g be the correspond- 
ing element [Ci, ■ • ■ , Cn] of A. For all ( G /x„(Fq), denote by k{Q the number of i G such that 
Ci = C- /laiie 

tr(g*|HS-'(^^,Q^r™) = ^^ E (l-")'^'^^- (3-1) 

Proof. A point of with homogeneous coordinates [ fixed point of g if and only if 

(xi, . . . , Xn) is proportional to {^ixi, . . . , CnXn)- The proportionality coefficient is necessarily a root 
of unity C G /x„(Fg), and we must have Xi = if Ci 7^ C- Hence, the subschema of fixed points of g 
of is the disjoint union over C e /x„(Fq) of the subvarieties 

= {xex^\x,^0 if C. ^ C}. 

If — n, we have — X^p. If 2 < k{() < n — 1, is isomorphic to the hypersurface of p'^(f)~i 
defined by y" + 7/2 + ' ' ' + Vkic) ~ ^' Finally, if k(() or 1, is empty. In each of these cases, 
we can apply Theorem 12.21 and obtain 



x(Fc) - HO - 1 + ^-^^ — = m --+ ^ ' ■ 

n n n 

Consequently, since Ece^^JF,) ^(0 = " and Ecgm„(f,) « = 1' 

Using trace formula (|2.ip pagejH we deduce the announced result. □ 

Remark 3.2. A recent preprint proves, in a more general set ting, formulas of the type given in 
Theorem O and Theorem |4T2] page [lOl see [Chenevertl boOOl Corollary 2.5]. 

3.3 Decomposition in irreducible representations 

The following theorem gives a simple expression for the multiplicity of a character a € A in the 
Q,[^]-module H^.-^X ^ MiT'"'' ■ 

Theorem 3.3. The multiplicity of the irreducible character a ~ [ai,...,a„] of A in the Q^i[A\- 
module H'^^^'^[X^MtY™' «s 

rUa = 7^(Z/?iZ \ {ai, . . . , a„}) = n — [number of distinct Oj). 

Proof. Consider (Ci,...,Cn) G /x„(Fq)" such that Ci ■ • ■ Cn = 1 and let g be the corresponding 
element [^i, . . . , Cn] of Fi'om the definition, we have 



tv{g*\Hi-\x^M,rn = E "^-^r ■■■Cn 

aeA 

1 E -.cr---C" 



n 

(ai,...,a„)G(Z/nZ)'' 
aiH hdn— 



5 



We will show that if we replace ma by the number of elements of Z/nZ \ {oi, . . . , a„} in the right 
hand side, we recover Formula (|3.ip above, which will show the announced result. We write 



I ^ #(Z/nZ\{ai,...,a„})Cr-..C" 



(ai,...,a„)e(Z/nZ)" 
aiH hail— 



n 

(ai,...,a„)G(Z/nZ)" ^ keZ/nZ ' 
aiH ha„=0 Vi, ai^^fc 

^ E E cr-C" 

k&.jn'L (ai,...,a„)G(Z/nZ)" 

ai H hflii— 

Vi, Oi^iifc 

^ E E cr...e 

k^'LjnL {ai,...,ar^)€{Z/nZ)'^ 

0,1 H |-a„— 

Vz, ai^O 



E cr---c 



(ai,...,a„)G(Z/TiZ)'' 
tiiH hail— 



E cr---C"- 

ai,...,aiie(Z/nZ)\{0} 
aiH hdii— 

We now conclude by using the following lemma. □ 

Lemma 3.4. Let r be an integer > 1 and Ci, Cr elements o//x„(Fg). If k{C,) = fc(^i,...,(;^)(C) 
denotes the number of i £ such that Q — ^, then 



E cr-.-c-^^ E (1--) 

ai,...,a^GCZ/nZ)\{0} C^M^CIFg) 
aiH f-aT-— 



Proof. We proceed by induction on r. For r = 1, the equality is the relation 



i((l-n)i + (n-l)(l-n)0). 



= - 

n 

We now assume that r > 2 and that the result is known for r — 1. We write 



E cr ■ • ■ C"- = E ■ ■ ■ C-icr'--''- 

^ \ ai / ^ N " 



ai,...,a,.e(Z/nZ)\{0} ai ,. . .,ai._ i G(Z/nZ)\{0} 
aiH hai,=0 QiH hOr-l^O 



E 

ai,...,a^_iG(Z/nZ)\{0} 



E cr---&- 



Given C € /x„(Fq), we have 



E c'' = 

ae(Z/nZ)\{0} 



ai,...,ai._ie(Z/nZ)\{0} 
aiH har~i=0 



-1 ifC^i, 

n-1 ifC==l. 



6 



This little remark allows to compute the first sum: 



ai,...,ar_ie(Z/nZ)\{0} 



where = fc(^j_...^£;^)(<^). To compute the second sum, we use the induction assumption: 



E c^...c:r = ^— ( E(i-")'*'^ + 



r-l 



Nfc(C,)-l 



ai,...,a,_iG(Z/nZ)\{0} ^ C#Cr 

aiH |-a,.-i=0 



We conclude by noting that 



□ 



Remark 3.5. As a consequence of Theorem 13. 3[ the multiplicity ma of the character a S A is 
nonzero unless a belongs to the orbit of [0, 1, 2, . . . , n — 1] under 6„ (which imposes n odd, or else 
1 + 2 + • • • + (n — 1) is not divisible by n). 

4 Action of G on //^"^j^X^, Q^)p"™ 

4.1 A decomposition of the Q^GJ-module if^^ Q^)p"'^ 

For every a belonging to A identified to the group of characters of A taking values in Q^, wc denote 
by H g the isotypic component relatively to a of the Qi[A]-moduleH^t'^{X^,Q(^)P""' (sec [Bou rbakl 



19581 §3.4]). It is a Q^-vector space of dimension TOq, where is the multiplicity computed in 



and we have 

The group G acts on the left on A by inner automorphisms, and thus acts on the left on A: if 
g e Aa, with a e 6„, and if a = [ai, . . . ,a„], we have ^a = '^a— [ao.-i(i), . . . ,ao--i(„)]. 

Consider a E A. Denote by (a) the orbit of a under 6„. The stabilizer Ga of a in G is equal to 
A yi Sa, where Sa ~ {(J & &n \ "^a = a}. We have gHa = for all g G G and the space Ha is 
stable by Ga- The subspace ®a'e{a) Ha' of i?^r^(^^, Q^)"""'" is stable by G; it is a Q^[G]-module 
canonically isomorphic to Indg Ha- Wc thus deduce the following result. 

Theorem 4.1. Denote by R C A a set of representatives of &„\A. The Qi[G]-module H"j~^(X^, 
Qf)'^"™ isomorphic to 

0Indg^F,. 

aS-R 

The aim of the rest of this 311 is to determine how the group Sa acts on Ha- The strategy is the 
following: after showing that Sa is a semi-direct product S'a x Sa ( §4.2p . we compute tr((T* |H"j~^(X^, 
Qf)'^"'") for a a generator of S'a and compare it to the trace of the identity ( ii4.4p to deduce that 
S'a acts as e((T) Id^ on Ha (see ^T^^. We then show, using a method similar to ^ that acts as 
a multiple of the regular representation (i i4.61f4?8l) . 

The approach we use to study the action of 5^ is the same that Briinjes used in Briinjesl . 2004L 



Proposition 11.5, page 197] for the case -0 = 0, the only difference being that our trace formula 
allows us to avoid a tedious proof by induction. 
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4.2 Structure of Sa 

Consider a = [oi, . . . , a„] € A, where (ai, . . . , a„) is an element of {Z/nZiy^ such that ai + - ■ = 0. 
The set of j £ Z/nZ such that (ai + j, . . . , a„ + j) is a permutation of (ai, . . . , a„) is a subgroup of 
Z/nZ; it can be written as n'^Z/nZ, for some integer n'^ > 1 dividing n; let — "-/"-a be the order 
of this group. These two integers only depend on a and not on the choice of ai, . . . , a„. 

Remark 4.2. For all b G Z/nZ, denote by I{b) the set of i e {1, . . . ,n} such that ai = b. The set 
nJjZ/nZ is the set of j e Z/nZ such that /(6 + j) has the same number of elements as I{b) for all 
b e Z/nZ. 

Lemma 4.3. There is a permutation a G &„ such that 

0-) if 1 < i < n, we have acr(i) = ai + n'^ ; 

b) a is the product of n'^ disjoint cycles of length da- 

Proof. Let us note that the condition [537a] is equivalent to the fact that a{I{b)) — I{b + n'^). For all 
b € Z/nZ such that 1(b) ^ 0, choose a numbering ii{b), . . . , i^i(b){b) of the elements of I{b) and 
denote by a the element of S„ which sends ii{b) to ii{b + n'^) for all b G Z/nZ and 1 <l < 4t^I{b). 

From the definition, we have ao-(i) = + n'^ and, inspecting the orbits of each of the ai under 
6 1-^ 6 + njj, we see that cr is a product of n'^ disjoint cycles of length da- □ 

Denote by S'^ the fixator of (ai, . . . , a„) € {Zi/rLL)^ in 6„; it is a group which can be identified 
with Y[bez/nZ^i(b) (it is hence generated by transpositions) and we set 7^ = [6„ : S'^]. Consider 
cr G 6„ satisfying the conditions of the preceding lemma and let Eq (cr) be the cyclic subgroup 
of order da of S„ generated by a. 

Proposition 4.4. The fixator Sa of a — [ai, . . . , a„] £ A can be written as the semi-direct product 

Sa = S^ X Sa- 

Proof. If s € Sa, there exists a unique j € n'aZ/nZ such that *(ai, . . . , a„) = (oi + . . . ,an + j). 
This element only depends on a, not on the choice of ai, . . . , a„; we denote it by jais)- The map 
ja- Sa — > rt^Z/nZ thus defined is a group homomorphism. This homomorphism is surjective and 
its kernel is the fixator S'a of (ai, . . . , a„) G (Z/rtZ)" in S„. 

Moreover, as ao.(i) — Oi + n'a and thus acr-i(i) = — n'a, we have ja(<7) = —n'a by construction, 
hence ja induces an isomorphism of = (cr) onto the image n'^Z/nZ of ja, which shows that 

5a - 5> Ea. □ 

Remarks 4.5. a) In particular, the group S'a is a normal subgroup of Sa and the quotient group 
Sa/ S'a is isomorphic to n'^Z/riL and hence of order da- 

b) Let us insist on the fact that njj, da, S'a and ja only depend on a and not on the choice 
of the representative (ai,...,a„) G Z/nZ. The group Ea also only depends on a, but its 
construction is not canonical as it depends on an arbitrary choice of numbering. 

c) Let us also note that if fc G (Z/nZ)^, then dka = da, n'f^a = "ai '^ka = ^'a ^^i^ ^ka = Sa, but 

jka — ^ ja ■ 

4.3 Character values on a transposition r 

Theorem 4.6. For any transposition r G 6„, iwe /lawe 

where, as previously, Sn = z/ n is odd and S„ = I if n is even. 
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Proof. We may assume that r = (1,2). We look for the fixed points of r, i.e. the set of points 
[xi: . . .: Xn] such that [xi : X2 ■ x^ : . . . : x„] — [x2 ■ xi : x^ : . . . : Xn] and a;" + • • • +x'^ — n'ipxi . . .Xn = 0. 
For such a point, we have xf — x\, so that we are in one of the following two cases. 

a) We have xi — X2 and 2x2 + + • • • + a^J^ — nipx\x^ . . . a;„ = 0. The hypcrsurfacc of P"^^ 
defined by this equation is smooth because 7^ 1 and its Euler-Poincare characteristic is 
(n - 2) + - + [n - 1)] (Theorem d^]) . 

h) We have xi — —X2 0, in which case 0:3 = • • • = a;„ = and a;" + X2 = 0. This can only 
happen if n is odd and [xi: . . .: x„] — [1 : — 1 : : . . . : 0]. 

The Euler-Poincare characteristic of the fixed-point subvariety of r of is thus 

^ n 

, (l-n)"-i + (n-l) 

= (n - 1) H d„, 

n 

and consequently, as r is of order 2 and Fg is of characteristic 7^ 2, Theorem 12.61 applies: 

a{T-\H':r\xtM,r"-) = (-i)""'((" - 1) - 

4.4 Sum of the dimensions of the spaces Ha for a E 

Proposition 4.7. Let r e S„ 6e a transposition. Denote by the set of elements of A fixed by r. 
We have 

v.n.^(-ir-^f(^-")"'^ + ("-^) 

where, as previously, 6n — if n is odd and Sn ~ 1 if n is even. 

Proof. We may assume that r — (1,2). Denote by B the set of elements (5i, . . . , 6„) G (Z/nZ\ {0})" 
such that 61 = 62 and + - • ~ 0. The map (&i, . . . , 6„) i-^ [fei, . . . , 6„] from B to A^ is surjective 
and each element a G Al has exactly rUa elements in its preimage. We thus have X^aeA^ "^^o- ^ 
and conclude thanks to the following lemma. □ 

Lemma 4.8. Let r be an integer > 2. The number of r-uples (61, ... , br) belonging to ['L/n'L\ {0})'' 
such that hi = 62 and bi + ■ ■ ■ + br — is 



□ 



Proof. Denote by Ur the number we want to compute. We have U2 = (5„ and Ur + Ur+i is the number 
of (r + l)-uples (61, . . . ,br, 6r+i) G {Z/nZ\ {0}Y x Z/nZ such that 61 = 62 and bi + ■ ■ ■ + br+i = 0, 
that is, Uj, + Ur+i = ("■ ^ 1)^^^. We deduce the announced result by induction on r. □ 

4.5 Action of 5^ on Ha 

We start with a general result on automorphisms of finite order with trace equal to the dimension 
of the space. 

Lemma 4.9. Let k be a field of characteristic zero, V a vector space of finite dimension over k 
and u an automorphism of V of finite order. Iftru = dimV^, then u — Idy. 
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Proof. Let M be the matrix of u in a certain basis of V over k. The subfield k' of k generated by 
the coefficients of M embeds itself in C; we can thus restrict ourselves to the case k = C. 

Let Ai, . . . , Am (where m = dimV) be the (complex) eigenvalues of M, each repeated with 
multiplicity. They are all roots of unity. As we have, according to the assumptions of the lemma, 

|Ai + --- + A,„| = |tru| =m = |Ai| + • • • + |A™|, 

the Ai's are positively proportional, hence equal. As their sum is to, they are all equal to 1. The 
endomorphism u of is thus unipotent; as it is of finite order, it is equal to Idy. □ 

Remark 4.10. Let k be a field having characteristic zero, and {Vi)i^i a finite sequence of vector 
space of finite dimensions over k. For each i d I, let Ui be an automorphism of Vi of finite order. 
If X^iG/^''^* equal to X^ie/*^™^* (respectively to — Xie/ "^i^^ then Ui — Idy^ (respectively 
Ui — —Idvi) foi' i £ I. This results from Lemma 14.91 applied to the automorphism u of V = 
^i^j Vi which is equal to Ui (respectively to —Ui) over Vi for all i £ I. 

Let T e 6„ be a transposition. As i/"j^^(X^, Q^)p""^ = 0^^^ Ha and as t* sends Ha into Hra, 
we have 

By Theorem 14.61 and Proposition 14.71 we also have 

tiiT*\H:,-\x^,Qirn = - E 

We thus deduce from Remark 14.101 that . for each a E , t* acts on Ha by — Id^ . 
Theorem 4.11. Consider a £ A and a G S'a- If we denote by e{(7) the signature of a, we have 

a*\Ha^e{a) Idj^^. 

Proof. The subgroup S'a of 6„ is generated by the transpositions r satisfying '^a = a (see !j4.2|) and 
we have just seen that T*\Ha = — Id^ = e(r) Id^ . □ 

4.6 Character values on Aa where a is a product of n' disjoint cycles of 
length d 

Let n' and d be integers > 1 such that n'd — n and let a G S,i be a product of n' disjoint cycles of 
length d. Let ^i, • • ■ , C" be elements of /x„(Fq) such that Ci ■ • ■ Cn = 1 and denote by g the element 
[Ci, . . . , C,n]o' of G = XI &n- Let Oi, . . . , On' be the n' orbits of a in {1, . . . , n} and, for each 
C G /x„(Fg), denote by k{C) the number of j G {1, . . . ,n'} such that IliGOj ^« ~ ^- "^^^ following 
theorem generalizes Theorem 13. II (which is recovered by taking d—\ and n' = n i.e. cr = Id). 

Theorem 4.12. Under the preceding assumptions, 

('— I"!" 

tyig*\H:-^{X^,q,rn^^—^ E (l-'^)'"^^- 

Proof. We may assume that a is the product oi {{j — l)d + 1, . . . , jd) for 1 < j < n' and that 
Oj = {{j — l)rf + 1, . . . ,jd}. The fixed points of g in X^{¥q) are the points [xi: . . .: Xn] of X^{¥q) 
such that 

Kcr-^{l)Xa-^(l) ■ ■ ■ ■ ■ Co-i(n)2;(T-i(„)] = [xi : . . . : Xn] 

i.e. 

[Cia:i : . . . : CnXn] = [Xa{i) : • ■ • : a;<^(n)]- 
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— 9 — * 

The subscheme of these fixed points is thus the disjoint union, over A G , of the closed 
subschemes Y\ of defined by 



+ • • • + — n^ixi . . . a;„ = 0, 
Xa{i) = XQx^ for 1 < i < n. 



Let j G {1, . . . If HieO Ci ¥^ ^ the second relation shows that Xi ^ for all i G Oj. If 
riieOj Ci = we have A G /i„^(Fq) and the second relation shows that 

Consider A G F^ and let ( = A^ (as n = n d, we have ^" = 1 A" = 1). Denote by J the 

set of j G {!,..., n'} such that IligOj d — C ^"^^ Vj = ^Jjd for each j £ J. If ( ^ //„(Fg), J is 
empty and hence Yx is empty. Assume now that C, G //„(Fq). The number of elements of J is fc(C)- 
We consider two cases. 

a) First case: C G /x„,(Fg). According to what we have just done, the scheme Y\ is isomorphic 
to the hypersurface of P^'^*-^-'""'^ defined by 

%i +--- + <')-«V''y?...y,t = if J -{!,..., n'}, 

where ip' is the product of -ip by an element of /x„(Fg). This hypersurface is smooth (because, 
in the second case, we have (-0')" — ip^'- ^ 1 and thus (?/;')" ^ 1), hence, by Theorem 12.21 
page [21 we have 

= HO - 1 + + ^ HQ + 

b) Second case: ( G M„(Fg) \ /i„, (F^). This time, the scheme Y\ is isomorphic to P^^^^^"^ if 
J 7^ {1, ... , 7i'} and to the hypersurface of Pj' defined by {yi ■ ■ ■ Vn'Y = if J = {1, . . . , n'}. 
In the first case, we have x(^a) = ^(0- Iii the second case, we necessarily have tt,' > 2 and 
the Euler-Poincare characteristic of Yx is equal to that of Y^^'^^ which is the union in P^ ~^ 
of the hyperplanes defined by Uj = 0, hence 

LC{1 n'} (=1 ^ ^ 

L^0 



"'-1 / ' _ 1 \ 

1=1 ^ ^ 



For each C G /i„(Fg), there exists exactly d values of A such that A = Thus 

C6M„'(F,) C6M„'(F<j) 
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The order of g divides nd and hence is prime to q; thus, by Theorem 12. 6( 



(-1)' 



4.7 Trace of a product a of n' disjoint cycles of length d acting on Ha 
when a E a" 

We keep the notations of t ^4.6l 

Lemma 4.13. If cr ^ S„ is a product of n' disjoint cycles of length d, 

aGA such that CeAi„/(F<,) 

Proof Denote by B the set of (61, . . . , 6„) G ((Z/nZ) \ {0})" such that h + ■ ■ ■ + bn = and 
'^{bi, . . . , bn) = [hi, ■ ■ ■ , bn)- The image of the map B ^ A, {bi, . . . , 6„) 1-^ [61, . . . , 6„] is the set of 
a £ A such that a € S'^^; such an element a has exactly ttIq elements in its preimage. The sum we 
must compute can hence be rewritten as 

(6i,...,6„)eS 

If (fei,...,6„) e _B, all the bi, for i belonging to an orbit Oj of a, are equal to a common 
Cj € (Z/nZ) \ {0} and we have (i(ci + . . . c„') = in Z/nZ i.e. ci + • • • + c„/ G n'lj/nZ. Our sum 
can thus be rewritten as 

Ml • ■ • Ai„" , 

ci,...,c„,e(Z/nZ)\{0} 
ciH Gn'Z/nZ 

where /ij = Ilieo conclude by using the following generalization of Lemma 13.41 (which is 

recovered by taking d — 1 and n' — n i.e. a = Id). □ 

Lemma 4.14. Let r be an integer > 1 and fj,i, . . . , /i^ elements of /i.„(Fg). For each C, G /x„(Fg), 
we denote by k{Q) the number of j G {1, • . ■ , r} smc/i that fj,j =^ We have 



ci,...,c,G(Z/nZ)\{0} CeM„'(F<,) 
ciH \-Cr€n 1 



Proof. We prove the result by induction on r. For r = 1, we have 



ciGn'Z/n 



V- ^ lrf-l = ^((l-n)i + (n'-l)(l-n)0) if G (F,), 

^ \-l = ^(n'(l-n)0) ifMi^/x„,(F,), 



hence the result in that case. Assume now that r > 2 and that the result is proved for r — 1. We 



12 



write 



ci,...,Cre(Z/nZ)\{0} ci,...,c,-_iG(Z/nZ)\{0} 
ciH VcT^n'LjnL c\-\ y-c^-i^WX/nlj 

ci,...,Cr_i€:(Z/nZ 



ciH i-CrGn' 



^ ^ ,,Ci ,,'^'■-1 ,,'-Cl Cr 



Ci,...,c^_iG(Z/nZ)\{0} 
ZSn'Z/nZ 



ci,...,c^_iG(Z/nZ)\{0} ^'^''^ \ A^r / len'Z/nZ 

The sum E/e«'z/nZ Mr is equal to d if € /x„/(F,) and to otherwise whereas Ec.e(z/nZ)\{o} (^)''' 
is equal to n — 1 if /i^ = /x^ and to —1 otherwise. The product of aU these sums is thus equal to 
{-ly-^dil - nf^f'-^-^ if e At„-(F,) and to otherwise. 
Taking into account the induction assumption, we obtain 

ci,...,c^G(Z/nZ)\{0} 
ciH \-Cr^n "L/nL 

_ 



/-r- . /'TIT ^ ^ / 



n' 



Theorem 4.15. If a is a product of n' disjoint cycles of length d and if a (£ A , then 

tv[<7*\Ha) = 



(-l)"-"ma ifoeS',, 
ifaeSa\S'^. 



Proof. As Q^)P"™ = 0aei ^^"^ cr* sends iJa into iJ^a, we have, for each (Ci, . . . , 

Cn) e Atn(lFg)" satisfying Ci . . . Cn = 1, 

tr(([Ci, . . .Xn]crr\H:,-^{x^Mirn = E • • .Xn)Ha*\Ha). 

Moreover, by Theorem 14.121 and Lemma [4.131 

Y (-l)"-"m,a(Ci,...,Cn)= E ti-('^*l^-)«(Ci,---,Cn) 

aSA such that ctSS^ aSA" 

As this is vahd for aU (Ci, . . . , C,n) G /^nP^g)" satisfying Ci . . . = I7 we may identify the coefficients, 
which gives the announced result. □ 
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4.8 Action of Sa on Ha 

Let's recapitulate the results of iii 34.3l - l477l We keep the notations of §4.21 a — [ai,.. . , a„] is an 
element of A, n'^'Z/n'Z is the set of j G TLjnL such that (a\ + j, . . . , a„ + j) is a permutation of 
(ai, . . . , a„) and da = n/n'^; the fixator Sa of a in 6„ can be written as 

Sa — S'a >i Sq where S'a is the fixator of (ai, . . . , a„) in 6„, 
and Sq = (cr) is a cyclic group of order da, 

with cr a product of n'^ disjoint cycles of length da- 

The dimension ma of Ha is, by Theorem 13.31 equal to ^(Z/nli \ {ai, . . . , a„}). It is a multiple 
of da as {fli, . . . , a„} is stable by translation by elements of n'^^jriL; we can thus write = davn'a- 

Theorem 4.16. The group Sa acts on Ha as follows: 

• an element s S'a acts by e(s) Id^ ; 

• an element s G acts by m'a copies of the regular representation of . 

Proof. The first assertion results from Theorem 14.111 and the second from Theorem 14.151 the trace 
of fj* acting on Ha is zero ifl<i<n— 1 and equal to nia — dim Ha if i = (note that 
(— 1)"~"» = 1 since both n and nj, are odd), hence Sa acts as m'a — ma/ da copies of the regular 
representation. □ 

This completely determines the structure of the Q^[S'a]-module Ha- From the considerations of 
gm we deduce the structure of the QJG]-module iJ^V^(^V'> Q^) 

H:,-' [X^ , Q,)P"- Ind^, (a ^ e ® reg^^^^, ) , (4.2) 

aeR 

where legs^/s' is the regular representation of Sa/S'a (let us recall that i? C A is a set of represen- 
tative elements of 6n\A; see ^4.1^ . 



5 Action of G on H^^^X^, Qi)^""^ 



We begin by giving a canonical construction of cyclotomic fields and characters attached to cyclic 
groups. 

5.1 The cyclotomic field attached to a cyclic group 

Let C be a cyclic group of order m > 1. Denote by Q[C] the group algebra of C over Q and by mc 
the ideal of Q[C] generated by the sums J^xec I^l ^'^^ ^' ^ subgroup ^ {1} of C. 



Theorem 5.1. The ideal xwc o/Q[C'] is maximal and the field Kc — Q[C]/Tnc is isomorphic to 
the cyclotomic field Q{fi„^) of m*'^ roots of unity. 

Proof. We may assume that C = "I^jmL so that the algebra Q[C] can be identified with Q[X]/ (X™ — 
1)Q[X]. We have X™ — 1 = Hdim '^d, where $d is the d*'' cyclotomic polynomial. The polynomials 
4>d are paiwise prime in Q[X]. From the Chinese remainder theorem, we deduce that Q[X]/(X™ — 
1)Q[X] is isomorphic to Hrfim 'Q["''^]/^dQ[X]. We now proceed to show that mc is the kernel of 
the projection 0: Q[X]/(X" - 1)Q[X] Q[X]/$„Q[X]. Let d ^ m be an integer dividing m 
and Cd — dZ/mZ the unique subgroup of C with index d; the element X^^GCd I^l QiC*] has 
projection on Q[X]/$„jQ[X] and projection ^ (equal to m/d) on Q[X]/<i>rfQ[X], which shows 
the result. □ 
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The field Kc is called the cyclotomic field attached to the cyclic group C. The compound map 

C^Q[C]^Kc = Q[C]/mc 

is a canonical character xc of C taking values in Kc*. It induces an isomorphism between C and 
the group of m^^ roots of unity of Kc- 

Proposition 5.2. The fieldKc is a simple 'Q[C]-module with endomorphism ring Kc. 

Let Ci and C2 be two cyclic groups of same order m and (f>: Ci ^ C2 and isomorphism of Ci onto 
C2. The homomorphism Q[Ci] Q[C2] extending factors as an isomorphism K^: Kc-^ Kc^ 
and we have o = XC2 ° "/"j i-S- the following diagram is commutative 



Ci — ^ C: 



2 



1 



5.2 The simple Q[A]-module attached to an element of (Z/nZ)^\A 

The group (Z/nZ)^ acts on A by fc x [oi, . . . , a„] = [fcoi, . . . , fca„]. If a G A, we denote by a the 
class mod (Z/nZ)^ of a. Let us note that the integers da and n'^ defined in §4.21 onlv depend on a 
and not on a (see Remark l4.5p . 

Denote by Ua the order of a in the group A] it only depends on a and not on a. If m is an 
integer, we have ma = if and only if all the mai are equal, i.e. if and only if m{ai — Ui') — for all 
i and i' between 1 and n. The subgroup of Z/nZ generated by the elements — a^' only depends 
on a and not on a or on the choice of ai, . . . , a„; it can be written as /aZ/nZ where fa divides n 
and its order is Ua, hence n = Uafa- The integer fa only depends on a, not on a. 

Following ij3.H we identify the group A to the group of characters of A taking values in Fg, the 
element a S A corresponding to the character [Ci, . . . , C„] i— > C,1^ . . . C^". If Na and i?a denote the 
kernel and the image of this character, Ea — A/Na is a cyclic subgroup of order ria- Let us note 
that Ea and Na only depend on a, not on a. 

Denote by Kq the cyclotomic field attached to the cyclic group Ea (see ^5.ip and Xa the com- 
pound character 

A ^ A/Na ^Ea^ K„ 

where the third arrow is the canonical character of Ea from i ^S.ll 

Remarks 5.3. a) Consider fc G (Z/riZ)^. We have fca = a if and only if fc = 1 mod riaZ. 
h) The cyclotomic field only depends on a and not on a, but Xfea = Xa- 

Proposition 5.4. T/ie character Xa defines a structure of simple Q[A]-module on Kq whose endo- 
morphism ring is canonically isomorphic to the field K^. 

5.3 The stabilizer Sa in ©„ of an element d E (Z/nZ)^\A 

The group 6„ acts on A by "^[cli, . . . , a„] = [a(j-i(i), . . . , a(j-i(n)]- This action commutes to that of 
(Z/nZ)^ and factors as an action of 6„ on (Z/nZ)^\j4. We designate by Sa the fixator of a in 6„. 

If (T G 5*5, there exists a unique fc G (Zi/naZ)^ such that '^a = ka; we denote it by ka{cr). The 
map 5^ — > (/Z/naZi)^ defined in that way is a group homomorphism which is not surjective in 
generao Its kernel is the group Sa from ^14. 21 in particular, Sa is a normal subgroup of Sg,- Let us 
note that the map ka only depends on a, not on a. 



^Consider n = 5 and a = [0, 0, 1, 1, 3]: we have Ua = 5, but there is no cr £ S5 such that "^a = 2a. 
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From the definition of n'^, tliere is an i sucli that ai = Ui + n'^^, i.e. n'^ = ai — ai £ fa'Zi/nZ. Thus, 
there is an integer Bq such that n'^ = Cafa and we have n = daCafa and Ua — da^a- The integer Ca 
only depends on a, not on a. 

Theorem 5.5. The image of the homomorphism ka'. Sa (Z/riaZ)^ contains the elements of 
(Z/ridZ)^ which are = 1 mod and is thus the preimage of a subgroup of (Z/eaZ)^ hy the 
canonical surjection ('Z/jia'Zi)^ — > (Z/eaZ)^. 

Proof. Given k G (Z/nZ)^ such that k = 1 mod Ca, we must find a permutation o" G S„ such 
that °"a — ka. We only need to show that there exists j such that, for all b E Z/nZ, the sets 
I{kb + j) and I{b) have the same number of elements. The following lemma shows that we may take 
j = —kai + ai. □ 

Lemma 5.6. If k = 1 mod Ca, then, for all b G Z/nZ, I{kb — kai + ai) has the same number of 
elements as I{b). 

Proof. Consider b G IjjnlL. Suppose that b = a\ mod fa, so that (kb~ fcai + ai) — b— (k.— V)(b — a\) 
is a multiple of Cafa = and thus kb — kai + ai = b mod n'^; by Remark 14. 2i this implies that 
I{kb — kai + oi) has the same number of elements as 1(b). 

Suppose now that b ^ ai mod fa (and thus 1(b) — 0); in that case, kb — kai is non zero 
mod fa and so, from the definition of /„, kb — kai + is not one of the a,;'s, which shows that 
I{kb — kai + oi) is empty. □ 

We now determine the structure of Sa- Let us recall (see Remark |4.5P that S'^ and Sa depend 
only on a, not on a. 

Theorem 5.7. The group S'a is a normal subgroup of Sa and the following short exact sequence 
splits 

1 > Sa > Sa * Sa/ Sa > 1. 

Proof. From the definition of fa, it is possible to choose the representative (ai,...,a„) of a in 
(Z/nl^)" such that each is a multiple of fa', because faria = n, the elements woi and wfa, 
where w G (Z/uaZi)^ , are well-defined in Z/nZ. If cr G Sa, there is a unique pair {u^,v^) G 
Z/uaZi X (Zi/naZ)^ such that, for all i, we have a„(^i-^ = v„ai + u^fa- The uniqueness of comes 
from the fact that, as we have already seen (Remark 15. 3|) . a k such that ka = "^a is defined mod Ua 
and the uniqueness of Ug- comes from the fact that Ug-fa is unique mod n. 

The map 0: cr i— > {ua-,Va) is a group homomorphism from 5a to 'Ljuali xi ('L/na'^)^ (the group 
law being (u, v){u' , v') — (u + vu' , vv')); its kernel is S'a which is thus a normal subgroup of Sa- 

For each b G li/nZ, we choose a numbering ii(b), . . . , i^i{b){b) of the elements of /(6). Given 
(u,w) G (j){Sa), if /(&) is non-empty, then 6 is a multiple of fa (by assumption) and I[b) has 
the same number of elements than I(vb + ufa) as aCT(i) — voi + ufa for all ct G S'a satisfying 
0(cr) — (u, v). Thus, there is a permutation au,v G &n sending ii(b) on ii(vb + ufa) for all b G Z/nZ 
and 1 < ^ < ^I(b). From its definition, this permutation belongs to S'a and (l)(a'u.v) — (u,v). 
Moreover, the map (u, v) i— > au,v is a group homomorphism since we have 

V'(vb + Ufa) + U'fa = [v' v)b + (u' + v'u)fa. 

This shows that (u, v) i— > au.v is a splitting map for and thus the short exact sequence 1 — > S^ ^ 

Sa ^ S-a/S'a -> 1 splits. ' □ 

Remarks 5.8. a) Even though Sa is a normal subgroup of Sa, the exact short sequence 1 

Sa ^ Sa ^ Sa/Sa ^ 1 docs not always splits. Indeed, consider the case n — 24 and the 
sequence (ai, . . . , 024) with four times each of the numbers 0, 2, 12, 14 and two times each 
of the numbers 1, 7, 13, 19; we have Ua — 24, but, even though 5 is of order 2 in (Z/24Z)^, 
the only elements (m, v) of the image of (j) such that v — 5 are (2, 5) and (14, 5) which are of 
order 4. 



16 



b) When a G Sa, we have = 1 and Ua- € eaZ,/na'^', indeed, if u € Sa-, then Va- = ^ and so 
'2cr(i) — CLi ~ Ucrfa] thus, from the definition of n^, u^fa is a multiple of n'^ = Cafa and hence 
Uct is a multiple of Ca- 

c) With the notations of M.21 we have, for all s £ Sa, ja{s) — faUs- More precisely, ja- Sa 
n'aZ/nZ, is the compound of the homomorphism a t-^ sending Sa into ea'^jnjj and of the 
isomorphism of Ca'L/nalj onto n[^'L/n'L deduced from the multiplication by fa- 

5.4 Construction of Q[G']-modules and study of their extension of scalars 
to 

The aim of this ^ 15. 41 is to construct Q[G]-modules which, after extension of scalars to Q^, will give 
back the representations considered in 21 

Before we begin, let us recall that the field Ka only depends on a, not on a, but that Xka = Xa 
(see Remark l5.3p . If w € (Z/naZ)^ , we denote by Oy the automorphism of the field sending every 
na'^ root of unity onto its w*'' power. 

Consider a £ A] we choose a representative (oi, . . . , a„) G {'L/n'L)''^ of a such that the are all 
multiple of fa and continue to use the notations of ^5.31 concerning the integers u^r and v^- 

Proposition 5.9. If oj is a Ua*^ root of unity in Ka, the following map defines a representation of 
A y<i Sa into 

: v4 X 5a ^ EndQ(Ka) 

Let Ma,uj be the Q[A x Sa]-module Kq thus defined. It has rank (j){na) (where <j) is Euler's totient 
function), and, up to isomorphism, it is independent of the choice of the representative (ai, . . . , a„) 
of a such that each is divisible by fa ■ 

Proof. Let us first check that ^a,u is a group homomorphism. We have 
and 

To prove these two quantities are equal, we need to show that Xa{%') = XaiCT"- 

XaiX) = X.-^aiC) = Xv.aiC) = XaiCY' ■ 

We now proceed to show that fj,a,uj does not depends, up to isomorphism, on the choice of 
the representative (ai, . . . , a„) of a such that each a; is a multiple of fa. If {a[, . . . , a^) is another 
representative, there exists j such that a'^ ~ Oi + j fa for all i, and so 

^^(j) = ^<y{i) + ifa = VaOi + U^fa + jfa = V„a[ + {u„ + j(l - V„))fa. 

Thus, v'^ — Va- and = Uo- + j(l — Uo-), hence 
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We now study the extension of scalars Ma^uj '^qQi- We use the isomorphism t from §3. II between 
/x„(Fg) and /^^(Q^); there exists a unique embedding ia of IKq in such that the following diagram 
is commutative: 

Ea ' > /X„(Q,) 



This embedding only depends on a, not on a. Moreover, if we identify a G v4 to a character 
A —>■ /2„(Fq), the following diagram is commutative: 



^ ' > Ka ' > . 

Xa to 

In the remainder of this ^5.41 we identify Ka to the subfield tQ(Ka) of thanks to La- 
With this identification, we have an isomorphism 

k(g) X t-^ {dv{k)X)y^(^2/n^Z}x 

Because 

fc ® A Xa{Oe{<T)uj^'0,^ (fc) ® A 

I ' (Xa(C)''e(CT)w™"6'™.(fc)A)„e(z/n<,z)x, 

the endomorphism of Q^^^""^'' deduced from ^a.uiCi by the isomorphism S is given by 

{xv)ve{z./n^z)-'^ (X'»a(C)e('7)^'""''a::™„)t,e(z/n„z)x- (5-1) 

Proposition 5.10. Let Ua be the homomorphism a ^ Ua of Sa into CaZ/^iaZ; it does not depend 
on the choice of the representative (oi, . . . , a„) of a and we have Uka = kua for all k € (Z/na^)^ 
(see Remarks \ 5. 8. c\ and \4.5.'c\ l. The Qi[A x Sa\-module Ma^ui ®Q_ is isomorphic to 

Ind^^|:(fca®e®c^"-). 

feG(Z/naZ)x/Imfca 

Proof. Formula (|5.ip above shows that the isotypic components of the Q£[A]-module Ma^uj ®<Qi 
are of the form ka for k G (Z/riaZ)^ (as in ^ 13.11 we identify a to a character taking values in Q^); 
each of these isotypic components is a direct sum of representations of dimension 1 isomorphic to 
ka. 

Let's now determine the action of the group 5*0. As Ska = Sa for all k g (Z/nZ)^, the group 
Sa stablizes each one-dimensional piece isomorphic to ka of the Q£[A]-module Ma.u) ®q and, by 
Formula (|5.ip . 5*0 acts on a piece isomorphic to ka by multiplication by e(cr)w'^"'' = e((T)a;"'=''. 

This shows that the Q^[A x 5a]-module Ma,u ®Q is isomorphic to 

(fca«) 6 w"*"-). (5.2) 

fee(Z/n<iZ)x 
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From Formula ()5.ip and the fact that Sa/Sa = Im/ca = {uo- | cr G Sa}, we have the foUowing 
isomorphism of Qe[A x 5a]-modules: 

From this, we get the announced result. □ 

We deduce the following three corollaries. 

Corollary 5.11. Up to isomorphism, Ma.ui only depends on the da^^ root of unity w*^". More 
precisely, 

Ma.u, ^ Ma',^' a' e (Z/nZ)^a and lu"'^ = w'^". 

Proof. As two representa tions isomorphic after extension of scalars are also isomorphic before (see 
jCurtis and Reineii . ll962i Theorem 29.7, page 200]), we only have to show the result for Ma^ui'^qQe- 
From Formula (|5.2[) . we have 

Ma,uj <E)qQi\A ^ ka, 

which shows that, if Ma^^j ®Q Qi — Ma',uj' Qi, then a' £ (Z/nZ)^a. Let us now assume that 
a' e (Z/nZ)^a so that Ca = Ca' ■ Recall (see Remark 15.8.61 as well as the proof of Proposition! 
that Ua is a surjection of Sa onto eallnJL with u-^o. — kua- By Formula (|5.2p . we have 



fee(Z/naZ)> 



hence, if M^,^ ®q ~ Ma>' (E)q Q^, we have {w'^'"" | k e (Z/n^Z)^} = | k e (Z/ri^Z)^} 

and so there exists k S CE/naZ)^ such that oj'^'' = i^"^<^a^ 

Conversely, we assume that a' E {"L/nl,)^ a and that there exists k G {"L/naXi)^ such that 
w*^" = oj'"'^'' and prove that Ma^ui ®<Qi Q.i — Ma'.uj' ®Q Qe if and only if k = 1. We write a' — k'a so 
that we have an isomorphism of QglA xi iSaJ-modules 



= (Kfea0 e(g) w'"-""") 
= (Kfca(g) e(g) w"*""). 

fee(Z/n<iZ)x 

This shows that Ma',uj' <XiQ — Ma.ui <8iQ implies k = 1. Conversely, if k = 1, the isomorphism 
from Proposition 15. 101 shows that 

Maw'^QQt- Ind^^f;;(fcA:'a(^e0a;""'») 

fce(Z/n„Z)x/Imfc„ 

Ind^^|^(fca0e0c."-) 

Corollary 5.12. For each da*^ root of unity rj G Kq, we denote by uj{ri) € Ka a Ua*^ root of unity 
satisfying lo[viY'^ ~ rj. We have an isomorphism of (j£[A x Sa\-modules 

^4,c.(r,) ®Q Q£ - Indi'fslika^e^regsjs'J- 
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Proof. According to the previous proposition, we only have to check that, for all k E (Z/riaZ)^, 

veiJ-a^ (Ka) 

From Remark 15.8. 6[ we may write Ua — Sau'^ where u'^: Sa 'Z/dal' is a group homomorphism. 
We have u'^{cr) — <^=> Ua{(j) = <^=> cr G 5*^ as ja — —faUa fRemark l5.8.cp . Consequently, if 
(T e Sa, 

'jeMdJKa) '?eMd„(K„) 

_ jda if CT e S'a, 
1 otherwise, 

which proves the announced result. □ 

Corollary 5.13. We keep the notations of the previous corollary. We have an isomorphism of 
Qe [G]-modules 

aG(Z/nZ)x xe„\i »?eMd„(Ka) 

Proof. As a consequence of the previous corollary and of the results of i j4.81 we have 

ae(Z/nZ)x xe„\i \eMd„(Ka) 

We deduce the announced result over thanks to the same argument as in CoroUarv 15.111 two 
representations isomorphic after extension of scalars are also isomorphic before. □ 



5.5 Endomorphism rings of the representations 

Denote by Wa^ui the Q[G']-module Ind^^g_ -A^a,^; the aim of this tj5.5l is to show that it is a simple 
module and identify its endomorphism ring. 

Theorem 5.14. The 'Q[G]-module Wa,uj is simple. Moreover, if we identify the group Gal(Ka/Q) 
with (Z/riaZ)^, the endomorphism ring of Wa,uj identifies with the unique suhfield Da of Ka such 
that Gal(Ka/_Da) = Imka- That is to say, Da is the subfield ofM^a consisting of the elements fixed 
by all the 9y^ for a £ Sa. In particular. Da is commutative. 

Proof. Since a Q[G']-module is simple if and only if its endomorphism ring is a division ring, we 
only need to show the second assertion. 

We have Wa,uj = ^T^f^AyiS- ^^a.ui where Ma.ui is just with the structure of Q[A » S'gJ-module 
given by the representation ^a.ui- We may write Wa,uj = ®see„/Sa ^-^"^a.ui- From the definition 
of Sa, each sMa^ui is stable by A and the Q[v4]-modules sMa^uj are disjoint. Consequently, the 
endomorphism ring of Wa,aj stabilizes Mq^i^ and u i— > u\Ma defines an isomorphism between the 
endomorphism ring of Wa,aj and the endomorphism ring of the Q[A x SaJ-module Ma,uj- 

We now need to show that the endomorphism ring of the Q[yl xi S'aJ-module Ma.uj is the subfield of 
Kq fixed by all the 6^^ for a G Sa- The endomorphism ring of the (Q)[^]-niodule Ma^uj is canonically 
isomorphic to Kq via x (A i-^ xX) since the Q[A]-module Ma.u is Ka. We deduce that the 
endomorphism ring of the Q[A yi 5a]-module Ma^ui is the subfield of IK^ consisting of the elements 
X such that X i—^ xX commutes with each /ia,u;(C> i-S- with each 9y^. Because X'—^xX commutes 
with 9y^ if and only if Oy^{x) = x, the ring Da = EndQjGj (Wa,tj, M^a,t^) is the subfield of Ka fixed 
by each 6y^ for a £ So.. □ 
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Remarks 5.15. a) The field Da is independent of tlie clioice of u. 

b) The field Da has dimension ^i^l over Q. When {'L/nal)^ is cyclic (e.g. when n is prime 
and Ua — n), this dimension characterizes Da- 

c) As (Z/eaZ)^ C Imfca, we have Da C IK[j where K'a is the subfield of Ka generated by the ea*'' 
roots of unity. In general, Da ^ IK[j as we may see by taking n — 5 and a = [0, 0, 1, 1, 3]: we 
have Ua — Ca — 5 and so = K'^ = Q(/i.5) whereas Da — Q(\/5) (this is the same example 
as in the footnote to page [T^ . 

Examples 5.16. a) When a = [0, . . . , 0], we have Da =Ka = <Q. 

b) When n = 5 and a is the class of [0, 0, 0, 1, 4] or [0, 0, 1, 1, 3], we have Da = 

c) When n = 7, we have the following possibilities concerning Da- 

class of a Da 
[0,0,0,0,0,0,0], [0,1,2,3,4,5,6] Q 



[0,0,0,0,1,2,4], [0,0,1,1,3,3,6] Q{V^) 



[0,0,0,0,0,1,6], [0,0,0,1,1,1,4] 
[0,0,0,1,1,6,6], [0,0,0,1,2,5,6] 
[0,0,1,1,3,4,5], [0,0,1,1,2,4,6] 

[0,0,0,0,1,1,5], [0,0,0,1,1,2,3] 
Theorem 5.17. We have 

Wa,u ^ Wa-,u^' ^ ae {{Z/nZy x e„)a' and uj"'^ = 

Proof. As two representa tions isomorphic after extension of scalars are also isomorphic before (see 



Curtis and ReinerLll962l . Theorem 29.7, page 200]), we only need to show the result for Wa,i 



Following Proposition lS.lOl we have 

Wa,u.®(iQe= sMa,u.®Qe~ (fca ® e ® w"--") j . 

see„/Ss see„/Sa ^fce(z/n„z)x ^ 

If a and a' are the same mod the action of (Z/nZ)^ x 6„, this formula shows that Wa.uj 'S) Qe 
and Wa\uj' <Xi Qi are not isomorphic. 

If a e ((Z/nZ)^ X S„)a', as the group A yi Sg. stabilizes each copy of sMa^ui an thus stabilizes 
Ma,uj, we deduce, thanks to Corollarv l5.11l that if uj"^" ^ uj'^" , then Wa,uj <8) and Wa'.uj' ® Qi are 
not isomorphic. 

Finally, if a G ((Z/raZ)^ x 6„)a' and w*^" = w'*^", then the previous formula shows that Wa,uj ^ 
Qe-Wa'.u.' (E>Qe. ' □ 



6 Consequence for the factorization of the zeta function 

The aim of this fj^l is to show that H"^~'^{X^,Q£)p"™ is a direct sum of subspaces stable by the 
Frobenius a nd to deduce a factorization of the zeta function of . The idea of using this method 
comes from (Hulek et all . l2006l §6.2] . _ 

The subspaces we consider are the isotypic components of the Q[G']-module H^^^'^{X^, Qf)^"™; 
after describing them in i i6.1l we study in §6.21 how the Frobenius acts on them and deduce that 
the characteristic polynomial of the restriction of the Frobenius is an integer power Ql°lJ/''^ of a 
polynomial Qa,u which has integer coefficients independent of £ (see ij6.3[) . Finally, in ^6.4[ we 
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deduce that the part of the zeta function of corresponding to H^^ '^{X^,Qe)P"™ is the product 
over a G A and r/ G /x^^ (Ka) of the polynomials Ql^U^^-^ (see Corollarv l5.12l for the definition of ^(77)) 
and we show that each Qa.uj{ri) factors over the field Da considered in We end by explicitly 
treating the cases n = 3, 4, 5, and 7 in 



6.1 Isotypic decomposition of the Q^GJ-module H^^-^{X^, Q^)p"'^ 



The aim of this g67T]is to express, in terms of the representations Wa,uj considered above, the isotypic 
components of the Q[G]-module HJ!^^'^ {X ^ , Qe)^""' . We keep the notations of gEH 



Proposition 6.1. Letuj beanj^ root of unity . The Da^^qQi-moduleVa^u} — HomQjc] (Wa,w, -f^"t '^i^^i), 

-J prim -J yy,gg j-^j^j^ 

Proof. By Corollarv l5.131 we have 

H:\-\x^,Qir"' ^ ( <:(,)«qc 

aG(Z/nZ)x xS„\A "jeMd^lKa) 

We deduce the following isomorphisms of Da <E)q Q^-modules: 
Va,^ = llomQ[G]{Wa.,u,H:,-^{X^,Qern 

( HomQ[G](W^a,.,W^™°:(,0®« 

a'e(Z/nZ)x xe„\A ly'SAid^CKa) 
~ HomQ[G] {Wa,u,WaM «)Q Qi) 

~ (EndQ[G](W^,,^)®Q Q,)< 

=^ {Da <»Q Q^r'". 

This shows that Va,uj is a free Da Q^-module of rank mj,. □ 

Corollary 6.2. T/ie map w (g) v ^ v{w) ofWa,u, <Sid, Va,u: into H^^~^ (X ^ , Qe)^''"' is Qe[G]-linear 
and injective; its image is the Wa,uj -isotypic component Ha^ui of the Q[G]-module H"^~'^{X^,Qg)'^"''^. 

Proof. We refer the reader to Bourbaki . 19581 §3.4, Proposition 9, page 33] and [Bourbakil 19581 
§1.5, Theorem l.b, page 15]. □ 

Remark 6.3. The link between the Ha from ij4.1l and the isotypic components Ha^ui from the 
previous corollary is given by 

ifa.cC^) - Ind2,,5^S"„. 

6.2 Action of the Frobenius on each isotypic component 
Lemma 6.4. The Frobenius stablizes the Qe[G]-modules Wa^u "^-Da ^a.w 

Proof. As all the elements of G are automorphisms of X^ defined over F^, the Frobenius endomor- 
phism on H"^^'^(X^, Q^) commutes with the action of G; it thus stabilizes each isotypic components 
of the Q[G] -module iJ^V^C^V' namely, each of the Wa,uj «)_d„ K,^ (Corollary [O]) . □ 

Proposition 6.5. The Frobenius acts on W a, u>®D„,ya,u] byld'S>Va,u: whereVa^u is the endomorphism 
V I— > Frob* o V of the Da <8)q Qi-module Va^uj. 
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Proof. The action of the Frobenius on Wa.uj ®Da. ^a,ui is given by 

Frob*(w; ® v) ^ Frob*(w(ti;)) — (Frob* o = Va,i^{v){w) = w® Va,u{v) 

= (Id (g) VaM){w (g) v). 

The structure of D, ®q Qrniodulc of Va,^ = HomQ[G] (Wa,^, H"t"'(^V', Q^)""") 

is given by {d (g 

X)v = X{v o d). We have 

Frob* o (A(u o dj) = A(Frob* o u) o d, 

and hence the map Va,uj is an endomorphism of the Da 'Siq Q^-module Va.i^. □ 

We deduce the following result, which describes the reciprocal polynomial of the characteristic 
polynomial of the Frobenius on each isotypic component. 

Proposition 6.6. Let uj be a Ua*^ root of unity, and set 

PaAi) = det(l - tVaAVa.^/Da ®Q Qf) G Da ®Q Qi[t]; 
Qa,u>{t) = ND^®fii[t]/fii[t]{Pa,uj{t)) G Q£[t]- 

We have degPf,,^ = m'^ and AegQa^w — ^^imfc"* "^a- reciprocal polynomial of the characteristic 
polynomial of the Frobenius over Wa^uj '9 Da ^a,Lj is given by 

det(l - iFrob*|VK„,^ (^d^ K.^) = QaA^V"'''^, 

where ja is the number of permutations of (ai, . . . , a„) and da is the integer defined in 

Proof As Frob* acts on Wa,uj ®Da by Id (g) w^.^j, we have [Bourbaki . Il970l . §8 .6, Example 3, 
page 101] 

det(l - iFrob*|VKa,., ^d^ Va,^/Qe) 
= det(l - 

= det(l - ii>a,^|K,^/Q,)(^™«'^"-)/[^"^Ql, 
with [Bourbaki . 19701 §9.4, Proposition 6, page 112] 

det(l - tVa,^\Va,uj/Qe) = iV£,^(g^Q,[t]/Q,[t](det(l - tVa,u,\Va,uj/Da (8)Q Qi)), 

which shows the announced formula given the following remarks: 
a) the degree of the polynomial Pa,u{t) is = dim^i^^^^.Q^ K.^; 
h) the degree of the polynomial Qa,uj{t) is [Da : Q] • degP^^^ = -^^^m'^; 

c) the dimension of Wa,c^ over Q is [6„ : Sa] = J'/,^"^ = ^ [Z^q : Q] , and thus = 

6.3 Rationality and independence of d of the characteristic polynomials 

The aim of this i 36.3l is to show that the polynomials Qa.cj defined in Proposition 16.61 have rational 
coefficients an are independent of i. We start with the following lemma, which we will use a couple 
of times in what follows. 

Lemma 6.7. Let E be a finite dimensional vector space over Qi and u an endomorphism of E. 
The polynomial det(l — tu) is an element of Q\t] independent of £ if and only if for all r > 1 the 
number tii^u'^) belongs to Q and is independent of £. 
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Proof. This is a straightforward consequence both of Viete's formulas (relating roots and coefficients 
of a polynomial) and of Newton's formulas. □ 

The following lemma allows us to relate the independence of £ of Qa.Lu to that of (9a,w(i)''°^''"- 

Lemma 6.8. Let P G 1 + tQ[t\ be a non-constant polynomial and 7 G N*. //, for each £, there is a 
G 1 + tQe[t] such that = P, then Qi belongs to 1 + tQ[t] and is independent of i. 

Proof Denote by -?/P the unique element of 1 + tQ[[t]] such that {</P)'^ = P. We have Q] = 
= P with Qe e 1 + tQe[[t]], which shows, as y/P is unique in 1 + i(Q)4[i]], that Qe = \/P. 
Consequently, Qt belongs to 1 + tQ[t] and is independent of £. □ 

We now deal with the independence of £ of Qa^uiiV"^''''' thanks to an argument of projector. 

Proposition 6.9. For each a G A, the polynomial Qa.wlO^"^'''' ^'^^ rational coefficients and is 
independent of £. 

Proof. Denote by : 5 G G 1-^ tr(g*|W^a,w/Q) the character of the simple Q[G']-module Wa,^. There 
is a projection tTq of H^^'^{X^,QtY™^ onto Wa,uj ®n„ of the form 

TTa ^ S.a{g^^)g*, avCC A G Q, 

where A is computed by taking the trace of both members of the equality 

dimQ W/,,^ = ^ E U9'^)U9) = >^[Da : Q]- 
^ sec 

(Indeed, over Q^, is the direct sum of [Da : Q] irreducible characters as we have seen in ^) We 
thus have A = dim^i^ Wa^uj- 

Because the image of the projection tTq is Wa,uj ®Da we have 

QaAtV^'"-" = det(l - t(^, o ¥voh*)\Hl'\X^,Q,Y'"^). 

Using Lemma 16. 7[ we only have to show that the powers of tTq o Frob* have a trace belonging 
to Q and independent of £. This results from the fact that these powers can be written as linear 
combinations with coefficients in Q of quantities of the type /* where / is an endomorphism of 
the variety wh i ch ex tends to P"^i and from the following lemma, which is an adaptation of 



Katz and Messing . |1974| . Theorem 2.2, page 76] to the case of traces over the primitive part of the 



cohomology of an irreducible hypersurface (since n > 3, is irreducible). □ 

Lemma 6.10. Let X be a non-singular, irreducible hypersurface of ^^^^ . If f : X X is an 
endomorphism of X which extends into an endomorphism o/P"~^, then ti{f*\H"^~'^ {X jQi)^™"^) is 
an integer which is independent of £. 

Proof We haYeH:-\X,Qe) ~ Q^)^''™ ® i?r^(XQ^)'~ with tT(f*\ m,-^(XMf.)) 

and tr(/*|7J"-^(X, Qi)'"p™°) = tT{f*\H^-^m'-\Qe)) two integers independent of£bv [Katz and Messina 

1974 Theorem 2.2, page 76jl. ' □ 



Combining Lemma 16.81 and Proposition 16.91 we deduce the announced result. 
Theorem 6.11. The polynomials Qa.u{t) have rational coefficients and are independent of £. 
In ii6.41 we will see a stronger result, namely that the polynomials Pa,u} are independent of t. 



^On this subject, see also [Deliene and Lusztiel [T"976l , page 119] and llUusiel [2OO6I . §3.5, pages 112—113]. 
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6.4 Factorization of the zeta function 

From the preceding results, we can deduce a factorization over Q of the zeta function as weU as the 
existence of a decomposition of some of the factors over finite extensions of Q. 

Theorem 6.12. The zeta function of the hypersurface of V"^^^ defined by Xi + ■ ■ ■ + x"^ — 

nipxi . . .Xn = (with -0 e F* satisfying ijj^^ 7^ factors over Q as 



(-1)" 



{1 - t){l - qt) . . . {1 - q^-H) 
(The notations are those of Corollarv \5.12\ and Provosition \6.b\ ) 

Proof. The previous formula is just a reformulation of the results from iii j6.1l[6?2l and [673] □ 

Remarks 6.13. a) Let us recall that the factor corresponding to [0, 1, 2, . . . , n — 1] does not 
intervene (see Remark 13.51 page [7]) . 

h) The polynomials Qa,uj depend on w*^". See Example 16 . 201 page [27l 

c) When n is a prime number (necessarily odd, as n > 3) , we have da = 1 if a 7^ [0, 1 , 2, ... , n— 1] , 
and thus i^(?/) = 1; hence, in that case, the numbers oj^ri) don't intervene. 

d) As we mentioned in the introduction, a si nrilar result of f actori zation was proved by R. Kloost- 
erman in a slightly different context, see Kloostermanl I2OO7I Corollary 6.10, page 448]. The 
factorization he obtains is a bit coarser as it involves the polynomials Rait) = Yitj Qa.ui{ri)it)] 
we refer the reader to Example 16.201 for an illustration of this phenomenon. 

We now look how the polynomials Qa.u behave over the field 

Proposition 6.14. The polynomials Qa.uj factor over Da as a product of [Da '■ Q] polynomials of 
degree m^. 

Proof As Qa,u>it) = A^z?a®Qf[t]/Qf[t](-Pa,L^(0)i ti^e polynomial Qa,cj is the product of the conjugates 

of Pa.c.. □ 

The following theorem shows that this factorization is independent of £. 

Theorem 6.15. The polynomials Pa,uj have coefficients in Da and are independent of i. 

Proof. Let us recall that Pa,u{t) — det(l — tVa^^lVa.uj/ Da ®q_ Qf). Using the same argument as in 
Lemma 15771 we only need to show the independence of i of tv{vl_^^\Va,uj/ Da Q^) for every r g N. 

As {x, y) ^ Tr^j^^jjQ^/Q^ (xy) is a non-degenerate bilinear form, the independence of I of tr(w^ ^^j 
Va,u/Da Qf) is equivalent to that of the element iv{dv^^^^\Va^uj/Q^i) G for all d G Da] indeed: 

TrD„®QQ,/Q, {dtT{vl JVa,u/Da Ql)) 

= Tri3„0QQ,/Q, (tr(d<_„|K,u./£'a «)q Q^)) 
^tridvljVa.^/Qi). 

Because dw^ ^ is the map v ^ (Frob*)'' o v o d, thanks to Remark 16.181 we only need to show the 
following proposition. □ 

Proposition 6.16. Let X be a smooth projective variety over ¥q. Let G he a finite subgroup of 
K\itr^{X /¥q) , W a simple Q[G]-module, D (the opposite of) its endomorphism ring, andi an integer 
> 0. Denote by V the D(^QQg-module Hom^jg] (W, Hl^.{X, Qe)) and, given d G D and r > 1, denote 
by a the endomorphism v (Frob*)'" ovod of the Qi-vector space V. The trace of a is an element 
of Q which is independent of £. 
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Proof. Denote by E the Q^-vector space HoniQ(VF, Hl^{X, Q^)), the action of G on i? being g -v = 
g* o V o g^ where gw is the endomorphism of the Q-vector space W induced by g. Let tt be the 
Qf-hnear map from E to itself defined by 

^ geG 

It is a projection with image = V . The map /3: u s- (Frob*)'' o ti o d is an endomorphism of the 
Qf-vector space E which stabihzes V] the endomorphism of V induced by is a and, because tt is 
a projection of E onto V ^ we have 

tr(a) = tr(7r o (3), 
where the endomorphism -k o (3 can be written as 



V I— > (Frob*)'' o g* o V o fi. 



iei 

with / a finite set, some elements of G and /j some endomorphisms of the Q- vector space W, 
each of them independent of £. We thus only need to show the following lemma. □ 

Lemma 6.17. We keep the notations of the previous proposition. If g ^ G, f ^ EndQ(VF) and 
r S N*, then the trace of 

V !■ (Frob*)'' o g* o V o f 
considered as an endomorphism of V is an element of Q independent of £. 
Proof. Let (ei, . . . , e^) be a basis of W over Q; the map 

V 1-^ (w(ei), . . . ,w(efc)) 

is an isomorphism of the Q^-vector space V onto the Q^- vector space Hl^{X ,Qi)'^ . It sends the 
endomorphism of V given by 

V !■ (Frob*)*^ o g* o V o f 
to the endomorphism of Hl^{X ,Qi)'' given by 



k 

{hi,...,hk)^ a,, ((Frob*)'' o 5* )(/».)) 



1=1 / i<j<k 

where (aij)i<i.j<fc is the matrix of / in the basis (ei)i<i<fc. Its trace is thus equal to 

k 



i=l 



tY{{FYoh*Y o g*\Hl,{X,Qe)). 



By Katz and Messing . 1974L Theorem 2.2, page 76], it is independent of ^. □ 

Remark 6.18. In the previous lemma and proposition, it is possible, whe n X is a hypersurface, to 
replace H^^^^(X,Qi) by i/"-2(X, using Lemma EIIO] instead of [Katz and Messind . ll974L 

Theorem 2.2, page 76] (indeed, Frob* and each g* , with geG, extend to P"~^). 
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6.5 Examples 



In this %.5l we detail the computations for the cases n = 3, n = 4, n = 5, and n = 7. In 
all these examples, we use the fact that, when n is prime and a ^ [0,l,2,...,n — 1], we have 
Lo = \ and da = 1; hence mj, = and ^a/da — la- Let us recall that the degree of Qa,u] is 



I 0("a) 

'a #Im fe„ 



In the tables, the lines appear by decreasing values of TOq. 



Example 6.19 {n — 3). This is the simplest non-trivial case. The elements of A are, up to 
permutation, [0, 0, 0] and [0, 1, 2]. The multiplicity of the latter is zero so only [0, 0, 0] gives rise to a 
factor in the zeta function. This factor has degree m'^ = 2 and appears with a power la/da = 7o = 1, 
so 

Q[0,0,0],l(*) 



with degQ[o,o,o]a(0 = 2. 



In fact, in this case, X,p is an elliptic curve, so the previous result doesn't give any new information. 

Example 6.20 [n — 4). Here is a list of the elements of A mod the simultaneous actions of ©„ 

and (Z/nZ)^ 



class of a 


deg Qa.uj 


la/ da 


Da 


UJ 


[0,0,0,0] 


3 


1 


Q 


1 


[0,0,2,2] 


1 


3 


Q 


±1 


[0,0,1,3] 


1 


12 


Q 


1 



Consequently, we have the following factorization of the zeta function: 

1 



1 



Q[0,0,0,0],l(*)Q[0.0,2,2],l(i)^Q[0.0,2,2],-l(^)^(9[0,0,l:3],l(*)"^^ 

This result is in accordance with the numerical observations of |Kadiill2004L §6.1.1, pages 112-116]; 
let us note that, according to her tables for g = p = 13, 17, 29, 37, 41 (we remind the reader that 
only the cases <? = 1 mod 4 fall in the framework of our study) and ip = 2, 3, 2, 2, 2 respectively, 
we have {Q[o,o,2,2],i(i), <3[o,o,2,2],-i(i)} = {1 -pi, 1 +pt}, hence the two polynomials Q[o,o,2,2],i and 
Q[o, 0,2,2],-! are not generally equal. 

Thi s example also illus trate the fact that our method gives a slightly finer factorization than 
that of KloostermanI |2007 [: instead of finding a factor R^i^ ^ 2 2] -^[0,0.2,2] of degree 2, we find a 
factor Q[o,o,2,2],i(*)^Q[o,o,2,2],-i(i)^ with Q[o,o,2,2],i and Q[o,o,2,2],-i of degree 1; thus, Kloosterman's 
polynomial -R[o.o,2.2] factors over Q as a product of two polynomials of degree 1. 

Example 6.21 (Cas n = 5). Here are all the elements of A (mod the simultaneous actions of ©„ 
and (Z/nZ)^) which intervene in the zeta function: 



class of a 


degQa,! 


la/ da 


Da 


[0,0,0,0,0] 


4 


1 


Q 


[0,0,0,1,4] 


4 


20 


Q(V5) 


[0,0,1,1,3] 


4 


30 


Q{V5) 



We can thus write: 



Q[0,0,0,0,0],l(*)<3[0,0,0,1.4],l(0^''Q[0,0,l,l,3],l(0^° 
{l-tKl-qt){l-qH)il-qH) ' 



Moreover, the polynomials Q[o.o,o,i.4].i and (5[o.o.i,i.2].i factor over Da = Q(v5) into a product of 
two polynomials of degree 2 (namely, the corresponding Pa.i and its conjugate over Q(\/5)). 
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We thus recov er (and explain) t he nu merical observation that Candelas, de la Ossa and Rodriguez- 
Villegas made in [Candelas et al. . 2003 . Table 12.1, page ISSjl. 



Example 6.22 (Cas n = 7). The elements oi A mod the simultaneous actions of (3„ and (Z/nZ)^ 
are those given in Example I5.16.cl page [2TJ We complete the list with the useful informations 
concerning the factorization of the zeta hmction. 



class of a 


degQa.i 


la/ da 


Da 


[0,0,0,0,0,0,0] 


6 


1 


Q 


[0,0,0,0,0,1,6] 


12 


42 


Q(M7) + 


[0,0,0,0,1,1,5] 


24 


105 


Q(At7) 


[0,0,0,1,1,1,4] 


12 


140 


Q(M7) + 


[0,0,0,1,1,6,6] 


12 


210 


Q(M7) + 


[0,0,0,0,1,2,4] 


6 


210 




[0,0,0,1,1,2,3] 


18 


420 


Q(M7) 


[0,0,1,1,3,3,6] 


6 


630 




[0,0,0,1,2,5,6] 


6 


840 




[0,0,1,1,3,4,5] 


6 


1260 


Q(M7) + 


[0,0,1,1,2,4,6] 


6 


1260 


Q(M7) + 



As in the preceding cases, from this table, we can easily describe the factorization of the zeta 
function in the case n = 7. 
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A List of notations 

General notations 



number of elements of E 

Wq finite field with q elements 

Qi field of €-adic numbers 

K algebraic closure of the field K 

/x„ (k) set of n'^ roots of unity belonging to the field k 

(f> Euler totient function 

6,1 permutation group of {1, . . . , n} 

e signature (of a permutation) 

Ind^ fi representation of G induced by the representation fi oi H 

|1; n\ set of integers k satisfying 1 <k <n 



Notations from the lintroductioni 

■0 parameter belonging to F^* p. [B 

5i Si = if i is even and (5^ = 1 if i is odd p. [1] 

A group {(Ci, ■■•,(«) e M„(F,)" I Ci---Cn = 1} quotiented by p. [T] 

{(C, . . . , C)}; is isomorphic to (Z/nZ)"-^ 



^As mentioned in the introduction, they only make this observation in the case ip = 0, but their numerical data 
supports it when ip and g = 1 mod 5. 
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A 


group {(oi, . . . , a„) e (TLj-nX)"^ ai + • • • + a„ = 0} quotiented by the 


P 


□ 




diagonal {(a, . . . , a)}; can be identified with, the group of characters 








of ^ 






[Cl,...,Cn] 


element of A 


P 


m 


[ai, • ■ • , On] 


element of A 


P 


m 


G 


group A X 6„ 


P 


m 


Notations from § 


l 








subscheme of fixed point of an automorphism ] oi X 


P 


m 


x{x) 


Euler-Poincare characteristic of a scheme X 


P 


m 


TTn-2/Y (H) ynprim 


n nn-TiniTn 1"i'\7'p nfiT'l" of 1"np rrtnn'mrtlno'v nf 9 nvnPT't;iiT'T?jr'p nf nnnPTiQin'n 

li-Uli. LJi. 11J.11 Ll V UcIjI Li \J L. LillC '^UllUlllwlUti y KJL On 11 y M t-l D Ul ItXv^t/ \Ji- U-llliv^ilOHJll 


P 






n — 2; is zero when the dimension is odd 








primitive part of the cohomology of a hypersurface of dimension n — 2 


P 


m 


Notations from § 


1 






MO 


number of i € {1, . . . , n} such that Ci = C 


P 


m 


ma 


multiplicity of the character a in the QJA]-module Q^)?''™ 


P 


m 


Notations from 331 








a-isotypic component of the [A] -module iJ"^ ^(X, Q^)p"'"; its di- 


P 


m 




mension is TOa 






Ga 


stabilizer of a in G 


P 


m 


(a) 


orbit of a e A under S„ 


P 


m 


R 


representative set C A of the elements of 6„\A 


P 


m 


Sa 


stabilizer of a in 6„ 


P 


m 


< 


generator G |1; n] of the set of elements j e "L/nL such that (ai -I- j, 


P 


m 




. . . , a„ -I- j) is a permutation of (ai, . . . , a„) 






da 


integer equal to n/n'a 


P 


m 


m 


set of i G |1; n] such that ai = b 


P 


m 


a 


element of Sa belonging to the preimage of a generator of the cyclic 


P 


m 




group Sa/S'a 






S'a 


stabilizer in 6„ of a representative (ai, . . . , a„) of a in (Z/nZ)" 


P 


E 


la 


number of permutations of (ai, . . . , a„); equal to [6„ : 5*^] 


P 


E 


Sa 


group generated by cr; we have Sa = S'a » T,a 


P 


E 


ja 


group homomorphism Sa — > n'^^jnl defined by ''(oi, . . . , a„) — 


P 


E 




(ai + ja(s), . . . , a„ -1- ja(s)); satisfies jfea = fcja 






A" 


set of elements of A fixed by fi G 6„ 


P 


M 




orbits of a product of n' disjoint cycles of length d 


P 


m 


m 


number of j G {1, . . . , n'} such that OiGO — C; this notation gen- 


P 


m 




eralizes that from p. O 






m'a 


mla = ma/ da 


P 


M 


reg 


regular representation of Sa/S'a 


P 


M 


Notations from § 


1 






Kc 


cyclotomic field attached to a cyclic group G 


P 


m 


Xc 


canonical character of a cyclic group C; takes its values in Kc 


P 


m 


a 


class mod (Z/nZ)^ of a 


P 


m 


Ea 


image of the homomorphism [(i, . . . Xn] >— > Ci ^ • ■ ■ Cn" 


P 


m 


Na 


kernel of the homomorphism [Ci, ■ • ■ , Cn] '-^ Ci^ ■ • ■ Cn" 


P 


[m 


ria 


order of a in A; equal to the order of the group generated by — ai> ; 


P 


m 



also equal to the number of elements of the image of the character a 
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Ka cyclotomic field attached to the cychc group A/Na'., its dimension over p. [15] 

Q is (j){na); only depends on a 
Xa canonical character of the cyclic group A/Na considered as a character p. [15] 

of A; takes values in Kq and satisfies Xka = Xa 
fa generator of the group generated by — Oi/; satisfies n'^ — Cafa, P- flSl 

n = eafada and n = Uafa 

Sa fixator of a in (3„ p. \TE\ 

ka group homomorphism Sg, (Z/riaZ)^ defined by "'a = ka{a)a; only p. [T51 

depends on a 

integer such that = Cafa] satisfies Tia — ^ada 

and n = eafada P- [H] 

(ucr,Wcr) if (7 e 6*0, uuiquc pair {ua,Va) G Ij/ua'^'X- (Z/riaZ)^ such that a£r(i) = p. [T6l 

^ group homomorphism Sa —>■ Z/riaZ xi (Z/riaZ)^, cr i— > (ug-jWo-); we p. 1161 

have Va = ka{(j) and faUa = ja{cr) 

9v automorphism of the field Ka sending the ria*'' roots of unity to their p. [T7] 

v*'^ power 

uj Ua^^ root of unity p 

fia,uj representation (C, cr) i-^ Xa(C)e(o')w"''6'i,^ of A yi Sa in Ka p 

Md.tj Q[A XI S'aJ-module Ka given by /ia.^; up to isomorphism, only depends p 

on w^" , not on uj 

Wa,u: (Q)[G'] -module simple lnd^^s__ Ma^u P 

(opposite of the) endomorphism ring of Wa^ui ; we have Da d Ka p 
(hence Da is commutative) and dimQ Da = ^i^l 

Notations from ^ 

Va.,u> HomQ[G] {Wa,^ , i/"r' (X^ , )P""^) ; is a free Da ®q Q^-niodule of rank p. 

nT-a', Wa.uj ®D„ Va.o; identifies with the Wq, a; -isotypic component i?a,w 
oftheQ[G]-modulei?,V^(Xv„Q£)P"'° ' _ 

Ha,uj M/a.c^-isotypic component of the Q[G']-module H^^'^ {X ^ , Qe)P"'^ ; is p. 

isomorphic to Wa,ui (8)d„ Va,u> 

Va,u] endomorphism of the Da^oQ^-module Va,u} such that Frob* iVFa.w'X'Da P- 

Va.,ui = Id (g) Va.u, 

Pa,uj polynomial det(l - tVa.ui\Va,uj/Da (8)q Qe) having degree m^; has coef- p. 

ficients in Da and is independent of i 

Qa,uj polynomial A^D,®Q4t]/Qf[t](^'a,t^(t)) having degree m'^ J'lm fcl ^^'^ P- 

ficients in Q; is independent of £ 



m 



B Formulas 

Here is a list of the most important formulas established throughout this article. 
n = n'^da = eafada = nafa, n'^ = eafa, and Ua = eada- 

7a (number of permutations of (oi, . . . , a„)) 

7a 

#(Im ka)da 



[6n : = 
[6„ : 5a] - 
[6„ : 5a] - 
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[Sa : S'J = d, 



[Sa ■■ Sa] = #ImA:a (in fact, Sa/Sa = Imfca) 

[Sa ■■ S'a] = da#lmka 

dim Ha = rua 

dim fia,uj = dim Ma, w = dimKa = 0(na) 

dimT4^™c5 = dimlndjij^^o^ M™^ = m'^(j>{na)[&n ■ Sa] = .ff""? "i^ 
dim lnd^^,^M,,^(^)=™.p-^-. 

dimQ Ua - 



#Im fca 



dimQ(W^„.^) = 4t^T- = [®" ■ : Q]. 

#Im ka da 

dim£)^(V;,w) = TOa- 

dimQ(i/,,^) = ml = ml[6„ : Sa\[Da : Q] 

#lm ka da 

dimQ,(if,, iX^,Q,r )- L "^'^#to^^'^= '^''W^ad-a 

oe(z/TiZ)x xe„\A ae(z/nZ)x xe„\4 

deg Pa.oj = m'^ 

degQa,u^ = {degPa,^)[Da:i^'--' '^^"'^^ 



m„ 



"#Imfca 
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